Abstract. A simple optical deflection technique was used to monitor the vibrations of microlitre pendant droplets of deuterium oxide, formamide, and 1,1,2,2-tetrabromoethane. Droplets of different volumes of each liquid were suspended from the end of a microlitre pipette and vibrated using a small puff of nitrogen gas. A laser was passed through the droplets and the scattered light was collected using a photodiode.
Introduction
Vibrations of liquid droplets are important for a number of applications including droplet atomisation [1] , small scale mixing/demixing [2] and the actuation/ratcheting of liquid drops on surfaces [3] [4] [5] [6] . There has also been an interest in the use of droplet vibrations as a tool for measuring the material properties of liquids [7] [8] [9] [10] and viscoelastic matea Corresponding author: james.sharp@nottingham.ac.uk rials [11] [12] [13] [14] . These applications involve excitation of the vibrational modes of the droplets either by driving the droplets at their mechanical resonant frequencies [1] [2] [3] 6] or by applying mechanical impulses to the drops [10, 14] .
Recent experiments indicate that excitation with broadband noise sources can also be used [15] .
When small amplitudes of oscillation are excited in liquid drops, their vibrational modes can be interpreted by relatively simple models and theories which consider how capillary-gravity waves propagate along the surface of the droplets. The first theory of droplet vibrations was developed by Lord Rayleigh [16] for spherical inviscid liquid globules i.e. freely suspended (or levitated) droplets with zero viscosity. This important work predicted that the mechanical vibrational frequencies,f , of freely suspended liquid droplets depend upon their radius R, density, ρ, and surface tension γ according to the relation f = n(n − 1)(n + 2)γ 4π 2 ρR 3
where n = 2, 3, 4... is a mode number. This theory was later extended by Chandrasehkar [17] to include liquids of small but finite viscosity. He showed that in this limit, the vibrational frequencies are similar to those observed for inviscid droplets. He also showed that the full width at half maximum, ∆f , (hereafter referred to as the width) of the mechanical resonance peaks depends upon the viscosity,η, of the droplets according to
These results have been subsequently confirmed in experiments designed to study the vibration of magnetically [10] and acoustically [18] levitated droplets.
A more convenient geometry for generating and studying droplet vibrations involves the use of sessile (substrate supported) or pendant (hanging) drops. The reason for this is that the methods used to levitate droplets often require specialised equipment which generates large magnetic or acoustic fields. In comparison, a droplet can be deposited on a surface or suspended from the end of a nozzle/tube and vibrated with relative ease. However, there are additional considerations when interpreting the vibrational properties of sessile and pendant drops. For example, the presence of a substrate can have a significant influence on the damping of the droplet motion and on the permissible vibrational modes [19] .
Pendant drops in particular are routinely used to measure the surface tension of liquids, although this is not usually done using vibrational methods. Instead, the pendant drop technique [20] is based around analysing high resolution images of drops that have been allowed to deform under the influence of gravity. Droplets with sizes larger than the capillary length of the fluid (L c = γ ρg , where g is the acceleration due to gravity) will deform under their own weight. During this deformation, the droplets extend and their surface area increases. Surface tension acts to oppose the deformation until the change in gravitational potential energy balances the change in interfacial energy.
Analysis of the resulting drop shapes allows the surface tension of the liquid to be estimated [20] .
A major limitation of the pendant drop technique is that it only works when the droplets are larger than the capillary length of the fluid. Alternative techniques must therefore be found if the surface tension of submillitre droplets need to be determined. One such approach involves measurement of their vibrational response. The present study considers a low cost optical deflection based approach to the measurement of these vibrational properties. A vibrational approach such as this could easily be extended to high throughput applications in microfluidics applications.
While there is some theoretical work examining the oscillation of pendant drops [7] , there has been relatively little experimental work done in the area. In contrast, there have been numerous studies that provide models that attempt to describe the vibrational response of sessile drops [19, [21] [22] [23] [24] [25] [26] . Perhaps the most simple and intuitive of these models was derived by Noblin et al. [23] Noblin's approach considers the surface of the drop as a bath of liquid of finite depth, h, on which standing capillary waves can occur. In the case where the three phase contact line of the drop is fixed, the permissible wave vectors, k, for these states are given by the condition that a half integer number of wavelengths fit along the circumferential profile length, l of the drop (see figure 1d ).
This gives the result that k = 
where γ and ρ are the surface tension and density of the liquid respectively.
This study aims to show that the same analysis can be applied to the study of pendant drops of three different liquids. A key part of this work involves extending the studies of Noblin et al. [23] and Sharp et al. [19, 24, 25] and to include experimental studies and a discussion of how damping effects influence the vibrational properties of pendant liquid drops with sizes smaller than the capillary length of the liquids being studied. on the surface of a silicon photodiode which was attached to a home built amplifier circuit and connected to a computer using a National Instruments USB-6008 data acquisition card. In each case, the small liquid droplets acted like a poor lens and defocussed the laser beam to produce a diffuse round spot with an intensity distribution that decayed radially away from its centre.
An impulse was applied to the drops in the form of a short puff of nitrogen gas. This short puff was delivered to the drops via an 8 mm diameter plastic tube connected to a pressurised nitrogen line and actuated using an electrically controlled pneumatic valve via software written in However, in reality (and as shown below), vibrational modes higher than the fundamental tend to be more heavily damped.
As a result, they have much broader spectral widths and lower amplitudes than the fundamental mode in the vibrational spectrum. A consequence of this is that the simple optical deflection technique very often only detects the lowest frequency of vibration (as shown in figure 1 ). For this reason, much of the analysis that follows will concentrate on this lowest frequency mode.
The central frequencies of the peaks were found to decrease with increasing size of the droplets and to increase with increasing surface tension of the liquid being used.
The full width at half maximum (hereafter referred to as the width) of the peaks was measured directly from the vibrational spectra and was found to increase with the viscosity of the liquid used and to decrease with increasing drop size.
A Manta G-125B Camera (Allied Vision Technologies) was used to obtain images of the droplets (see figure 1d ).
These images were used to measure the circumferential profile length, l, and the average depth, h, of each droplet. The shapes of droplets larger than the capillary length and larger than those used in the vibration experiments were also captured using the camera and fitted using the pendant drop equations [20] . This approach provided an independent measure of the surface tension of the liquids being studied.
Results and Discussion
The Viscous damping of the droplet motion is also expected to influence the mechanical vibrational spectra of the droplets.
Such effects show up predominantly in changes in the width of the spectra, although when damping effects become larger, some changes in the vibrational frequencies of drops can be observed [14] . Previous studies have considered the effects of viscous damping on droplet motion [1, 19] . Sources of damping include viscous dissipation effects in the liquid, which may be enhanced by the presence of a substrate, or as a result of the presence of surface contamination layers. The simplest model of damping considers viscous dissipation of energy by the capillary-gravity waves on the surface of the drops [28] . This model predicts that the width of the resonance peaks should vary according to the equation
which has a similar functional form to equation 2 for the spectral widths of levitated droplets.
The top panel of figure 3 shows that plots of the width of the mechanical resonance against This creates steeper fluid velocity gradients which result in greater energy dissipation. However, this effect is only present when the drop profile is shallow and does not appear to be significant for large contact angles [19] .
The pendant drops studied here have oscillatory behaviour which appear to be consistent with effects that are comparable to the damping of capillary waves on the surface of an infinitely deep liquid bath. This is quite interesting and may be due to the fact that the area of contact between the droplet and the tip of the micropipette is small in comparison to that between a sessile drop and a solid substrate.
The fact that the model used here is able to produce values of the surface tension and viscosity that are close to the literature values for three separate liquids is extremely encouraging. This work indicates that there is some value in the application of simple models (such as the one described here) to the study of vibrating liquid drops.
A recent review of drop vibration has criticised the use of simple models such as the one discussed here when trying to describe the vibration of pendant/sessile liquid droplets [26] . The simplistic approach to modelling the droplets makes use of the assumption that they can be described as a bath of liquid with an average depth. In reality, consideration should be given to the fact that each point on the drop surface will be at a different distance from the substrate. 
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